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Schro¨dinger cat state preparation by non-Gaussian continuous variable gate
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Saint Petersburg State University, 7/9 Universitetskaya nab., 199034 Saint Petersburg, Russia
We propose a non-Gaussian continuous variable (CV) gate which is able to conditionally produce
superposition of two “copies” of an arbitrary input state well separated in the coordinate and
momentum plane – a Schro¨dinger cate state. The gate uses cubic phase state of an ancillary
oscillator as a non-Gaussian resource, an entangling Gaussian gate, and homodyne measurement
which provides nonunique information about the target system canonical variables, which is a key
feature of the scheme. We show that this nonuniqueness manifests problems which may arise by
extension of the Heisenberg picture onto the measurement-induced evolution of CV non-Gaussian
networks, if this is done in an approach commonly used for CV Gaussian schemes of quantum
information.
Continuous variable quantum networks are a promis-
ing area of quantum information (quantum communica-
tion, quantum computing and simulation) [1, 2]. Since
the pioneering demonstrations of CV quantum teleporta-
tion [3] and quantum dense coding [4], there was achieved
an impressive progress in the theory and implementation
of multimode CV cluster schemes [5–7]. Such schemes
are based on Gaussian operations: the linear and bilin-
ear in canonical variables interactions, homodyne mea-
surements and feedforward. The large-scale CV cluster
states multiplexed in the time or wavelength domain were
realized and characterized [8, 9].
The CV Gaussian quantum evolution can be effectively
simulated using classical computer. In order to achieve
quantum supremacy, additional non-Gaussian operations
are needed [1, 10]. This can be done in different ap-
proaches, including hybrid discrete- and continuous vari-
able schemes [11, 12] or by making use of non-Gaussian
Hamiltonians of the order higher than two. A cubic phase
gate [13, 14] based on cubic non-demolition single-mode
interaction and homodyne measurement, or higher or-
der phase gates can serve as building blocks for univer-
sal quantum computing. Any given exponential oper-
ator of bosonic field operators, describing an arbitrary
multimode Hamiltonian evolution, can be systematically
decomposed into a set of universal unitary gates [15].
An implementation of cubic (or higher order) phase
state meets difficulties due to weak non-linear coupling
of the interacting bosons in most systems. To get around
this problem, it was initially proposed [13] to prepare two
quadrature entangled oscillators and to perform the an-
cillary oscillator homodyne measurement retaining non-
linear terms which are usually omitted (see also [16]). An
approximative weak cubic state described as a superposi-
tion of first low-photon Fock states was proposed [17] and
experimentally prepared [18]. An approach to generating
the cubic phase gate was introduced [19] where a target
oscillator is repeatedly entangled with a weak coherent
ancilla, and the ancilla photon subtraction or projection
measurement is performed.
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The general properties of the CV schemes with embed-
ded non-Gaussian elements are actively explored today.
An adaptive non-Gaussian measurement can be used in
order to implement the cubic phase gate [20], and an
approach was demonstrated [21] that allows effectively
merge a sequence of single-mode non-Gaussian gates in
order to achieve a given operation. The CV hypergraph
cluster states with three-mode cubic nonlinearity can be
used for universal quantum computing [22].
In this work we present a CV non-Gaussian gate which
conditionally generates a Shro¨dinger cat state from an
arbitrary target state that occupies a finite area on the
phase plane. The gate exploits the same elements as the
cubic phase gate introduced in [13, 14], that is, the cubic
phase state, a two-mode entangling Gaussian operation,
and homodyne measurement of an ancillary oscillator.
As an output, a superposition of two copies of the tar-
get states well separated along the momentum axis (or,
in general, along an arbitrary direction) emerge. By se-
quentially applying operations of this kind together with
standard Gaussian gates that generate shift, rotation,
squeezing, shearing, etc., one can transform an initial
CV network quantum state to a Shro¨dinger cat state of
an arbitrary complexity.
The Schro¨dinger cat states are an object of a relent-
less interest since their first introduction [23]. Besides
their fundamental importance, some proposals for fault-
tolerant quantum information processing directly rely on
the cat-like states [13, 24].
In general, one can prepare CV Schro¨dinger cat states
by making use of the unitary evolution assisted by a
non-linear interaction, as for example in the earlier pro-
posal [25], where a huge Kerr nonlinearity is involved.
The schemes based on a measurement-induced evolution
also can create cat-like states. The optical squeezed
Schro¨dinger cat states were generated in low-photon
regime using homodyne detection and photon number
states as resources [26]. An iterative scheme where the
target state is subsequently mixed on a passive beam-
splitter with a heralded single-photon ancillary state and
homodyne measurement is performed, was discussed and
implemented experimentally [27, 28]. The proposals [26–
28] are specifically aimed at the creation of superpositions
of two coherent states.
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FIG. 1: Measurement-induced evolution of the position qi
and momentum pi of the target field (left) and the ancillary
oscillator (right), where the ancilla is initially prepared in
cubic phase state. Here different arrows schematically repre-
sent quadrature amplitudes {qi, pi} randomly chosen within
the uncertainty region of the corresponding field. The an-
cilla wave function support is approximated with parabola,
see comments in the text. The Gaussian CZ operation entan-
gles two oscillators. A Schro¨dinger cat state emerge when the
ancilla momentum measurement outcome p2 → ym is com-
patible not with one, but with two clearly distinguishable
values of the ancilla coordinate and, due to the entanglement,
of the output field momentum. In quantum description this
measurement-induced nonuniqueness may result in the out-
put field superposition state whose components are mutually
separated on the phase plane.
Unlike the previously introduced CV schemes with
non-Gaussian gates, we consider measurement of the
ancillary oscillator that provides nonunique information
about the relevant physical variables of the target subsys-
tem, which is a key point. This feature does not emerge
in Gaussian quantum networks and manifests a superior
complexity of the non-Gaussian schemes. The approach
used in our proposal is scalable, that is, it can be ex-
tended to more complex CV non-Gaussian gates. From
an heuristic point of view, one can easily identify some
configurations where the CV cat states may arise using
illustrative schemes similar to the one presented below.
The target and ancillary oscillators evolution is
schematically shown in Fig. 1 which in graph form illus-
trates transformations of the relevant canonical variables.
The ancilla is assumed to be initially prepared in the cu-
bic phase state [13, 14] via the action of unitary evolution
operator exp(iγq32) upon the momentum eigenstate |0〉p2 .
In the Heisenberg picture this may be written as
q2 = q
(0)
2 , p2 = p
(0)
2 + 3γq
2
2, (1)
where p
(0)
2 |0〉p2 = 0.
The two-mode entangling operation CZ ∼ exp(iq1q2)
transforms the system variables as
q′1 = q1
p′1 = p1 + q2,
q′2 = q2
p′2 = p2 + q1.
(2)
In order to illustrate the system evolution before the mea-
surement, we represent initial state of both oscillators as
a statistical ensemble of canonical coordinates and mo-
menta {qi, pi} in a semiclassical manner. Since the un-
certainty region of the state |0〉p2 is horizontal straight
line, by applying (1) one arrives to an approximate rep-
resentation of the cubic phase state support in the form
of a parabola.
In general, the cubic phase state Wigner function [16]
has fringes and negative values in some areas on the phase
plain, which of course is missing in the simplified picture.
Nevertheless, in the following we demonstrate that this
illustrative approach provides a hint allowing to infer the
cat state emergence, and even to deduce its properties
under certain limitations.
In Fig. 1 quadrature amplitudes are randomly chosen
on the phase plane within the uncertainty region of the
corresponding field and represented by the arrows. Next,
the transformation (2) is applied.
In the Schro¨dinger picture, the initially prepared inde-
pendent input field and ancilla states are
|ψ1〉 =
∫
dx1ψ(x1)|x1〉,
|ψ2〉 = eiγq32
∫
dx2|x2〉 =
∫
dx2e
iγx3
2|x2〉,
correspondingly, where the input field coordinate wave
function is ψ(x1). The cubic phase state of the ancillary
oscillator emerges during non-Gaussian evolution of the
unnormalizable momentum eigenstate |0〉p2 . The two-
mode entangling operation exp(iq1q2) acts on the initial
state with the outcome
|ψ12〉 =
∫
dx1dx2ψ(x1)e
ix2(x1+γx
2
2
)|x1〉|x2〉. (3)
In order to describe measurement-induced state reduc-
tion, we represent the state (3) in the measurement basis,
using standard definitions
|x〉 = 1√
2pi
∫
dye−ixy|y〉, |y〉 = 1√
2pi
∫
dxeixy|x〉.
In the following, we use x and y to label the coordinate
and momentum eigenstates correspondingly. The state
(3) may be written as
1√
2pi
∫
dy2|y2〉
∫
dx1dx2 ψ(x1)e
ix2(x1−y2+γx
2
2
)|x1〉.
The ancilla momentum measurement with the outcome
ym projects the first oscillator into the state with the
wave function ψ˜(x) = Nψ(x)ϕγ(x − ym). Here N is
the normalization coefficient and the added factor is ex-
pressed in terms of the Airy function,
ϕγ(x− ym) = 1√
2pi
∫
dx′eix
′(x−ym+γx
′2) = (4)
3(√
2pi/(3γ)1/3
)
Ai
(
(x− ym)/(3γ)1/3
)
.
The output field coordinate x in (4) is in the range that
supports the spatial distribution |ψ(x)|2. A Schro¨dinger
cat state conditionally arise when the measured ancilla
momentum is large enough, ym > x for all x within this
range.
For such measurement outcome, the polynomial x′(x−
ym + γx
′2) in the exponent can be approximated with
quadratic expression. In Fig. 1 (upper right corner) this
corresponds to the limit where the curve that approxi-
mately represents the displaced cubic phase state might
be replaced with straight lines in a vicinity of two inter-
sections with the horizontal line indicating the measured
momentum.
The stationary phase points are x′s = ±
√
(γm − x)/3γ,
and the exponent in (4) is represented near these points
as
∓ 2
3
√
3γ
(ym−x)3/2±
√
3γ(ym − x)
(
x′ ∓
√
(ym − x)/3γ
)2
.
The factor (4) becomes a sum of two independent inte-
grals. By making use of
∫
dxeiκx
2
= exp
(
i
pi
4
)√pi
κ
,
we finally identify the output field state wave function as
a superposition of two distinguishable components,
ψ˜(x) = Nψ(x)
(
ϕ(+)γ (x− ym) + c. c.
)
, (5)
where
ϕ(+)γ (x − ym) = (6)
exp
[
i
(
pi
4
− 2
3
√
3γ
(ym − x)3/2
)](
12γ(ym − x)
)
−1/4
.
For ym ≫ |x| within the relevant range, the exponent
can be linearized in x/γm. This yields ϕ
(+)
γ (x − ym) ∼
exp
(
i
√
ym/3γ x
)
, which means that this gate condition-
ally projects the initial state into the superposition of two
“copies” with well-defined opposite shift in momentum of
±√ym/3γ, in agreement with Fig. 1 (upper left corner).
If this measurement-dependent shift is larger than the
range of momentum spanned by the input state, the gate
output state is nothing but a Schro¨dinger cat.
The factor added by the gate is represented [30] in
Fig. 2. As seen from the figure, the exact factor ϕγ(x −
ym) and the approximate one are in perfect agreement
except for a small range of coordinate. For x ≈ ym, the
approximate solution diverges since the approximation of
two distinguishable crossings does not work near the bot-
tom of parabola in Fig. 1. In this area the non-classical
properties of the cubic phase state Wigner function are
most pronounced. The exact result exhibits fast decrease
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FIG. 2: The factor ϕγ(x− ym) added by the gate to the ini-
tial coordinate wave function by the outcome ym of ancilla
momentum measurement. Here γ = 1, curve a was evalu-
ated numerically from the representation of the Airy function
through the integral (4), curve b corresponds to the approxi-
mate solution (5,6).
in the region ym < x which is unreachable for the mea-
surement in classical picture.
The cat-breeding transformations of an arbitrary in-
put state may be combined with standard Gaussian op-
erations such as displacement, rotation, squeezing and
shearing. By establishing the measurement window with
a needed precision (which of course has effect on the suc-
cess probability), one can conditionally generate on de-
mand complex cat-like structures on the phase plane.
There is a variety of measurement-based CV Gaussian
schemes of quantum information, such as quantum tele-
portation and dense coding, quantum repeaters, clus-
ter model of quantum computing, etc. The Gaussian
schemes with measurement and feedforward can be effec-
tively described both in the Schro¨dinger and the Heisen-
berg picture, where the last one offers a possibility to
include noise sources and imperfections in the scheme
[5–9, 29] and provides in many cases an intuitively clear
illustration of the processes in the device.
Various approaches towards more general configu-
rations seeded with non-Gaussian gates were devel-
oped, and some works analyzed such gates both in the
Schro¨dinger and the Heisenberg picture [20, 21].
The non-Gaussian gate described here exploits the
same key elements (that is, a nonlinear phase state, an
entangling Gaussian gate and homodyne measurement)
as many other schemes. This gate provides an instruc-
tive example where the Heisenberg picture, when applied
within the same paradigm as in the measurement based
Gaussian quantum information, fails due to the presence
of non-Gaussianity.
The transformations (1, 2) which describe the system
unitary evolution in the Heisenberg picture before the
measurement may be combined as
q′1 = q1
p′1 = p1 + q2,
q′2 = q2
p′2 = p2 + q1 = p
(0)
2 + 3γq
2
2 + q1.
Following standard for Gaussian networks approach, we
describe the ancilla momentum measurement by substi-
4tuting the measurement outcome ym for the operator-
valued amplitude p′2. This yields 3γq
2
2 = ym − q1 − p(0)2 .
Then q2 is excluded from p
′
1, and we arrive at the target
oscillator output quadrature amplitudes
q
(out)
1 = q1
p
(out)
1 = p1 ± (3γ)−1/2
√
ym − q1 − p(0)2 .
(7)
Since statistical averaging of the canonical variables and
their momenta in the Heisenberg picture must be per-
formed with the system initial state and in view of
p
(0)
2 |0〉p2 = 0, we drop p(0)2 here.
There are evident problems with this result which
make it useless for the standard task: to evaluate cor-
relation functions and momenta of the output physical
quantities. First, the expression for p
(out)
1 is nonunique.
Secondly, as far as the factor ϕγ(x−ym) is not equal zero
beyond the classically unreachable region, the measure-
ment outcomes ym < x are possible which makes p
(out)
1
look non-Hermitian.
On the other hand, a comparison with the results de-
rived above from the Schro¨dinger picture makes it clear
that just this nonuniqueness manifests emergence of a
Schro¨dinger cat state.
It is worth noting that even when the output physical
quantities emerge as single valued, this does not guaran-
tee correct description of a CV non-Gaussian scheme with
measurement and feedforward, if the Heisenberg picture
is used within the same paradigm as in Gaussian quan-
tum information, as we shall discuss elsewhere.
In conclusion, we have presented non-Gaussian CV
gate which is able to conditionally produce a superpo-
sition of two “copies” of an arbitrary input state, well
separated in the coordinate and momentum plane, which
corresponds to the emergence of Schro¨dinger cat state. In
analogy to some other proposals, the scheme exploits the
same key elements, that is, ancillary cubic phase state
and CZ Gaussian gate, but applies homodyne measure-
ment which provides a nonunique information about the
target system physical quantities. One can infer from
this result that a CV quantum network with embed-
ded non-Gaussian gates of general kind may experience
measurement-induced evolution into a Schro¨dinger cat
state of an arbitrary complexity.
The scheme presented here also provides an instructive
example of problems which may arise by the extension of
the Heisenberg picture, as it is commonly used in vari-
ous CV Gaussian schemes of quantum information, onto
the measurement-induced evolution of CV non-Gaussian
networks.
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